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Abstract
In finite dimensions, we provide characterizations of the quantum dynamical semigroups that
do not decrease the von Neumann, the Tsallis and the Re´nyi entropies, as well as a family
of functions of density operators strictly related to the Schatten norms. A few remarkable
consequences — in particular, a description of the associated infinitesimal generators — are
derived, and some significant examples are discussed. Extensions of these results to semigroups
of trace-preserving positive (i.e., not necessarily completely positive) maps and to a more
general class of quantum entropies are also considered.
1 Introduction
Entropy is one of the most fundamental and ubiquitous concepts in science. In particular, it plays
a central role in the theory of open quantum systems [1] and in quantum information theory [2],
where various entropy functions can be considered; e.g., the von Neumann, the Tsallis and the
Re´nyi entropies (see [3] and references therein). An interesting problem is to characterize the
temporal evolution of a certain quantum entropy; e.g., to ascertain whether a certain class of
dynamics of open quantum systems does not decrease this quantity (for all initial states).
As is well known, under certain assumptions the evolution of an open quantum system can
be described by a suitable class of semigroups of operators; i.e., the class of quantum dynamical
semigroups [1, 4, 5]. A natural problem is then to characterize the subclass of quantum dynam-
ical semigroups (say, for a finite-dimensional quantum system) that do not decrease a quantum
entropy. A problem of this kind has been investigated, for the von Neumann entropy and us-
ing a computational approach, by Banks, Susskind and Peskin [6] (on the base of a proposal of
Hawking), inspired by the idea that in order to accommodate gravity in the context of quantum
theory one may allow pure states — actually, of a closed system — to evolve into mixed states,
so envisioning possible modifications of standard quantum mechanics.
When approaching this problem, one may adopt two equivalent points of view: to study
the properties of quantum dynamical semigroups themselves (‘integrated approach’) or of their
infinitesimal generators (‘master equation approach’). The generators of quantum dynamical
semigroups admit a complete classification, the so called Gorini-Kossakowski-Lindblad-Sudarshan
canonical form [7, 8]. Therefore, in the master equation approach solving the problem amounts
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to characterizing, within this general classification, the typical form of those generators that give
rise to a temporal evolution enjoying the aforementioned property.
In this paper, we will switch back and forth between the two points of view. We will adopt
the integrated approach first, obtaining various characterizations of those (finite-dimensional)
quantum dynamical semigroups that do not decrease the von Neumann, the Tsallis and the Re´nyi
entropies, as well as a family of functions of density operators which are directly related to the
Schatten norms. The simplest characterization is given by the — both necessary and sufficient
— condition of unitality of the maps forming the dynamical semigroups. As a byproduct, a
characterization of the associated infinitesimal generators will be then easily derived.
It is worth observing that the class of quantum dynamical semigroups that do not decrease
the mentioned families of quantum entropies turns out to contain, as a remarkable subclass,
the so-called (finite-dimensional) twirling semigroups [9–15]. These semigroups of operators are
characterized by a suitable integral expression involving a representation of a locally compact
group and a convolution semigroup of probability measures on that group. We will argue that
actually, in the case where the Hilbert space of the quantum system is two-dimensional, the
twirling semigroups are precisely the quantum dynamical semigroups that do not decrease these
quantum entropies (since the former class of quantum dynamical semigroups — and, in dimension
two, the latter as well — can be shown to coincide with the class of random unitary semigroups).
These results admit various — more or less straightforward — generalizations. First, one can
relax the requirement that the semigroups of operators considered be completely positive; pre-
cisely, one can deal, more generally, with semigroups of trace-preserving, positive linear maps. In
this regard, we stress that, although complete positivity is often regarded as a fundamental prop-
erty, its justification on the physical ground is controversial [16]. An interesting fact regarding the
dynamical semigroups, in this more general class, that do not decrease the mentioned quantum
entropies is that they admit an integral expression which can be regarded as a generalization of
the formula characterizing the twirling semigroups (in the general case, semigroups of probability
measures are replaced with certain families of signed measures). Moreover, the associated in-
finitesimal generators form a suitable convex cone, which, in the case where the Hilbert space of
the quantum system is two-dimensional, will be described in detail.
Another interesting generalization stems from the observation that that a certain kind of
quantum entropies verifying two fundamental axioms (see sect. 5) are not decreased by the same
class of semigroups of trace-preserving positive maps considered above.
The paper is organized as follows. In sect. 2, we recall some basic facts, fix the notations and
define the classes of quantum entropies that are considered in the paper. Next, in sect. 3, we
prove the main results concerning the completely positive dynamical semigroups, and we provide
some significant examples. Extensions of these results to semigroups of trace-preserving, positive
— but not necessarily completely positive — maps are investigated in sect. 4, and the case of a
qubit system is studied in detail. Finally, in sect. 5, a few conclusions are drawn, and a general
kind of quantum entropies that are not decreased precisely by the class of dynamical semigroups
considered in the paper is defined.
2 Basic facts and notations
In this section, we will establish the main notations, and we will briefly recall some basic facts
that will be useful in the rest of the paper, including the definition of the quantum entropies we
are interested in and some of their salient properties.
Let X be a separable real or complex Banach space. Then, denoting by R+ the set of non-
negative real numbers (we also set R+∗ ≡ R
+r{0}), a family {Ct}t∈R+ of bounded linear operators in
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X is said to be a (continuous) semigroup of operators if the following conditions are satisfied [17,18]:
1. CtCs = Ct+s, ∀t, s ≥ 0;
2. C0 = Id;
3. limt↓0 ‖Ct ζ − ζ‖ = 0, ∀ζ ∈ X; i.e., s-limt↓0 Ct = Id (strong right continuity at t = 0).
The semigroup of operators {Ct}t∈R+ is completely characterized by its — in general, densely
defined — infinitesimal generator ; namely, by the closed linear operator A in X defined by
Dom(A) :=
{
ζ ∈ X : ∃ lim
t↓0
t−1
(
Ct ζ − ζ
)}
, Aζ := lim
t↓0
t−1
(
Ct ζ − ζ
)
, ∀ζ ∈ Dom(A) . (1)
In this paper, we will consider the special class of semigroups of operators consisting of quantum
dynamical maps (or quantum channels) in B1(H), the Banach space of trace class operators in a
complex separable Hilbert space H; namely, the class of quantum dynamical semigroups [1, 4, 5]
— or ‘completely positive dynamical semigroups’ — acting on B1(H). Clearly, the fundamental
assumption that the convex body S(H) ⊂ B1(H) of density operators in H — the unit trace,
positive trace class operators — be mapped into itself entails, more generally, positivity (rather
than complete positivity); thus, the larger class of semigroups of trace-preserving, positive linear
maps will be considered as well. In the following, we will actually deal with a finite-dimensional
— say, with a N-dimensional, N ≥ 2 — complex Hilbert space H. It is clear that, in this case,
B1(H) = B(H) (the space of linear operators in H, or N × N complex matrices). The identity
in B(H) will be denoted by Iˆ. The unitary group U(H) of H will be regarded as endowed with
the strong topology (which, however, in the finite-dimensional case is equivalent to the topology
induced by any norm topology in B(H)).
A quantum dynamical semigroup {Qt : B(H) → B(H)}t∈R+ is then characterized by its — in
this case, of course, bounded — generator L:
L = lim
t↓0
t−1
(
Qt − Id) , Qt = exp(L t) . (2)
According to the celebrated Gorini-Kossakowski-Lindblad-Sudarshan classification theorem [7, 8]
(see also [5] and the recent review [19]), L has — in the Schro¨dinger representation — the general
form
L Aˆ = −i
[
Hˆ, Aˆ
]
+ F Aˆ−
1
2
((
F∗Iˆ
)
Aˆ+ Aˆ
(
F∗Iˆ
))
, (3)
where Hˆ is a traceless selfadjoint operator in H, F : B(H) → B(H) a completely positive linear
map [3,4,20] and F∗ its adjoint with respect to the Hilbert-Schmidt scalar product 〈· , ·〉HS in B(H).
Remark 1. A linear map E acting in B(H) is said to be adjoint-preserving if E Aˆ∗ =
(
E Aˆ
)∗
, for
every Aˆ ∈ B(H). A positive (in particular, a completely positive) linear map and the generator of a
semigroup of positive maps in B(H) are adjoint-preserving. Hence, for defining the adjoint of such
maps it is not relevant whether the pairing
(
Aˆ, Bˆ
)
7→ tr
(
Aˆ Bˆ
)
or
(
Aˆ, Bˆ
)
7→ tr
(
Aˆ∗Bˆ
)
=:
〈
Aˆ, Bˆ
〉
HS
is used.
Remark 2. One can easily show that, for a quantum dynamical map Q, denoting by ‖ · ‖1 the
trace norm — in general, in the following ‖ · ‖p will denote the Schatten p-norm in B(H),∥∥Aˆ∥∥p := tr(∣∣Aˆ∣∣p)1/p, 1 ≤ p <∞ , (4)
(thus, ‖ · ‖2 ≡ ‖ · ‖HS), and ‖ · ‖∞ the standard operator norm —
∥∥Q Aˆ∥∥1 ≤ ∥∥Aˆ∥∥1 (note, however,
that in the proof positivity, rather than complete positivity, together with preservation of the
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trace, is the relevant property). Therefore, regarding B(H) = B1(H) as endowed with the trace
norm, a quantum dynamical semigroup — more generally, a semigroup of trace-preserving positive
maps — is a contraction semigroup.
For every density operator ρˆ ∈ S(H), we can define the von Neumann entropy of ρˆ, namely,
S (ρˆ) := −tr(ρˆ ln ρˆ) = −
N∑
k=1
pk ln pk , (5)
where {p1, . . . , pN} is the whole set of the eigenvalues of ρˆ, repeated according to degeneracy (of
course, here 0 ln 0 ≡ 0).
Remark 3. Clearly, the definition of S (ρˆ) — and of all other entropies that will be considered
below — does not depend on the way the eigenvalues {pk} of ρˆ are ordered. On the other hand,
arranging the sum on the rhs of (5) in such a way that the eigenvalues are labeled in decreasing
order — p1 ≥ · · · ≥ pN ≥ 0 — we obtain the ordered eigenvalue vector ~p = ~p (ρˆ) = (p1, . . . , pN)
of ρˆ. This convention can be regarded as a way for removing the ambiguity when labeling the
eigenvalues of a density operator.
Remark 4. Recall that ordered vectors are also used when defining themajorization relation [21,22]
between vectors. Given a vector x = (x1, . . . , xn) in R
n, we denote by ~x = (~x1, . . . , ~xn) the vector
obtained rearranging the coordinates of x in decreasing order: ~x1 ≥ · · · ≥ ~xn. For x, y ∈ R
n, one
says that x is majorized by y — in symbols, x ≺ y — if
j∑
k=1
~xk ≤
j∑
k=1
~yk , 1 ≤ j ≤ n , and
n∑
k=1
~xk =
n∑
k=1
~yk . (6)
Clearly, if x1 ≥ 0, . . . , xn ≥ 0 and
∑n
k=1 xk = 1 (namely, if {xk} is a probability distribution),
then
(1/n, . . . , 1/n) ≺ (x1, . . . , xn) ≺ (1, 0, . . . , 0) . (7)
Moreover, x ≺ y and y ≺ x implies that x ≈ y — i.e., x = P y, for some permutation matrix P
— and ~x = ~y. Majorization between eigenvalue vectors induces a natural majorization relation
between density operators [3, 23], i.e.,
ωˆ ≺ ρˆ
def
⇐⇒ ~p (ωˆ) ≺ ~p (ρˆ) . (8)
By relation (7), the maximally mixed state in S(H) — namely, the state ρˆ⋆ := N
−1 Iˆ — is majorized
by any other state, whereas every state is majorized by any pure state. In general, for ωˆ ≺ ρˆ and
ρˆ ⊀ ωˆ, the state ωˆ will be ‘less pure’ or ‘more mixed’ than ρˆ [23].
We will also consider the Tsallis entropy Tq, parametrized by q, with 0 < q 6= 1; i.e.,
Tq(ρˆ) :=
1
1− q
tr(ρˆq) = τq({pk}) , (9)
where, for every finite probability distribution {rk},
τq({rk}) :=
1
1− q
(∑
k
rqk − 1
)
. (10)
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Clearly, as previously noted, τq({rk}) does not depend on the ordering of the elements of the
probability distribution {rk}; i.e., τq can also be regarded as a symmetric function of the probability
vector (r1 , r2 , . . .). We now set
τ1({rk}) := limq→1
τq({rk}) , (11)
and we observe that
S (ρˆ) = lim
q→1
Tq(ρˆ) = τ1({pk}) . (12)
Considering this relation, it is also natural to set
T1(ρˆ) ≡ S (ρˆ) . (13)
Note that, for q = 2, the Tsallis entropy is strictly related to the purity since T2(ρˆ) = 1−tr(ρˆ
2); T2
is sometimes called the linear entropy. In the following, we will therefore consider the full family
of entropies {Tq}q>0. We will use the well known fact that the associated functions {τq}q>0 are
concave (see, e.g., [24]); namely, for every pair (r1 , . . . , rn), (s1, . . . , sn) of probability vectors, and
every convex combination (ǫr1 + (1− ǫ)s1, . . . , ǫrn + (1− ǫ)sn), ǫ ∈ [0, 1], we have:
τq({(ǫrk + (1− ǫ)sk)}) ≥ ǫτq({rk}) + (1− ǫ)τq({sk)}) . (14)
Remark 5. For the von Neumann entropy, a stronger property holds. Using Klein’s inequality [3],
one can show that, for every pair ρˆ, ωˆ ∈ S(H), S (ǫρˆ+(1−ǫ)ωˆ) ≥ ǫS (ρˆ)+(1−ǫ)S (ωˆ). Otherwise
stated, S itself, as a function on the convex body S(H), is concave.
Another interesting family of entropies are the Re´nyi entropies {Rq}q>0. For 0 < q 6= 1, we
set
Rq(ρˆ) :=
1
1− q
ln tr(ρˆq) =
1
1− q
ln
(
N∑
k=1
pqk
)
=: ̺q({pk}) , (15)
where {pk} is, as above, the whole set of the eigenvalues of ρˆ, repeated according to degeneracy.
Once again we have:
R1(ρˆ) ≡ S (ρˆ) = lim
q→1
Rq(ρˆ) = lim
q→1
̺q({pk}) =: ̺1({pk}) . (16)
Moreover, for q = 2, also the Re´nyi entropy is directly related to the purity: R2(ρˆ) = − ln tr(ρˆ
2).
The entropies {Rq}q>0 are known — see, e.g., [25] — to be Schur concave, namely, for every pair
r = (r1 , . . . , rn), s = (s1, . . . , sn) of probability vectors, such that s ≺ r (s is majorized by r),
̺q({sk}) ≥ ̺q({rk}). Therefore, we have that
ωˆ ≺ ρˆ
def
⇐⇒ ~p (ωˆ) ≺ ~p (ρˆ) =⇒ Rq(ωˆ) ≥ Rq(ρˆ) . (17)
Remark 6. As in the case of τq, also ̺q can be regarded as a symmetric function on a probability
simplex. This fact is actually related to its Schur concavity, because every Schur concave function
on a symmetric domain is symmetric (w.r.t. permutations of its arguments) [22].
Remark 7. A symmetric function ϕ : ∆n → R, on a probability simplex ∆n, is strictly Schur
concave if x ≺ y, with x 6≈ y (i.e., ~x 6= ~y), implies that ϕ(x) > ϕ(y). Accordingly, we will say
that a function F : S(H) → R is strictly Schur concave if ωˆ ≺ ρˆ, with ωˆ 6≈ ρˆ (i.e., ~p (ωˆ) 6= ~p (ρˆ)),
implies that F (ρˆ) > F (ωˆ). It turns out — see sect. 5 — that the Re´nyi entropies {Rq}q>0 are
actually strictly Schur concave.
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Finally, consider the function
Ap : S(H) ∋ ρˆ 7→ (1− ‖ρˆ‖p) ∈ R , 1 < p ≤ ∞ . (18)
Observe that, using the same kind of notation as above, we have:
Ap(ρˆ) = 1−
(∑
k
ppk
)1/p
=: αp({pk}) , 1 < p <∞ , (19)
A∞(ρˆ) = 1−max({pk}) =: α∞({pk}) = limp→∞
αp({pk}) . (20)
The following inequalities hold:
n
1−p
p ≤
(∑
k
ppk
)1/p
≤ 1 , 1 < p <∞ , 1/n ≤ max({pk}) ≤ 1 . (21)
It follows that
0 ≤ αp({pk}) ≤ 1− n
1−p
p , 1 < p <∞ , 0 ≤ α∞({pk}) ≤ 1− 1/n , (22)
where in both cases the upper inequality is saturated by the probability distribution (1/n, . . . , 1/n)
only, whereas the lower one is saturated by any probability distribution {pk} such that the cor-
responding ordered probability vector is of the form ~p = (1, 0, . . . , 0). Moreover, by the triangle
inequality of the norm ‖ · ‖p, 1 < p ≤ ∞, one easily finds
Ap(ǫρˆ+ (1− ǫ)ωˆ) ≥ ǫAp(ρˆ) + (1− ǫ)Ap(ωˆ) , ρˆ, ωˆ ∈ S(H) , ǫ ∈ [0, 1] , (23)
and this relation implies for αp a concavity property analogous to (14). Therefore, the family of
functions {Ap}1<p≤∞ enjoys some of the main typical properties of a quantum entropy.
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In addition to the previously recalled properties, in the following it will be of central importance
the fact that the maximally mixed state ρˆ⋆ maximizes — strictly and globally — all the entropies
{Tq}q>0, {Rq}q>0 and {Ap}1<p≤∞.
3 The completely positive dynamical semigroups that do not de-
crease a quantum entropy
We start this section by assigning a precise meaning to the statement that a quantum channel or
a quantum dynamical semigroup does not decrease a quantum entropy.
For the sake of conciseness, in this section and in the subsequent one we will denote by E any
of the quantum entropies {Tq}q>0, {Rq}q>0, {Ap}1<p≤∞.
Definition 1. We say that a quantum dynamical map (a completely positive, trace-preserving
linear map) Q : B(H)→ B(H) does not decrease the entropy E if
E (Qρˆ) ≥ E (ρˆ) , (24)
for all ρˆ ∈ S(H).
1Here, we will not deal with the much debated question of what fundamental properties a quantum entropy
should satisfy.
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Definition 2. We say that a quantum dynamical semigroup {Qt : B(H) → B(H)}t∈R+ does not
decrease the entropy E if
E (Qt+s ρˆ) ≥ E (Qt ρˆ) , (25)
for all ρˆ ∈ S(H) and all t, s ≥ 0.
A slightly simpler version of the latter definition is obtained taking into account the following
elementary fact.
Proposition 1. A quantum dynamical semigroup {Qt : B(H)→ B(H)}t∈R+ does not decrease the
entropy E if and only if
E (Qt ρˆ) ≥ E (ρˆ) , (26)
for all ρˆ ∈ S(H) and all t ≥ 0. Otherwise stated, a quantum dynamical semigroup does not
decrease the entropy E if and only if each of its members, as a quantum dynamical map, enjoys
this property.
Proof. If relation (25) holds, then setting t = 0 therein one gets (26). Conversely, if (26) holds,
then
E (Qt+s ρˆ) = E (Qs(Qt ρˆ)) ≥ E (Qt ρˆ) , (27)
for all ρˆ ∈ S(H) and all t, s ≥ 0.
The two following results will be central in the proof of the main theorem. Recall that a real
square matrix is called bistochastic (or doubly stochastic) if it has non-negative entries, and each
row and each column sums up to unity.
Lemma 1. Let Q : B(H) → B(H) be a quantum dynamical map. Then, the following properties
are equivalent:
(P1) Q is unital, namely,
Q Iˆ = Iˆ ; (28)
(P2) for every ρˆ ∈ S(H), there is a bistochastic matrix M such that ~p (Q ρˆ) = M ~p (ρˆ);
(P3) for every ρˆ ∈ S(H), Q ρˆ ≺ ρˆ.
Proof. (P1) implies (P2). Indeed, consider the eigenvalue decompositions
ρˆ =
N∑
k=1
pk ψˆk , Q ρˆ =
N∑
j=1
p˜j φˆj , (29)
where {ψˆk}, {φˆj} are rank-one projections. Then, the probability distribution {p˜j} is given by
p˜j = tr
(
φˆj(Q ρˆ)
)
=
N∑
k=1
tr
(
φˆj(Q ψˆk)
)
pk =:
N∑
k=1
Mjk pk . (30)
By the arbitrariness of the probability distribution {pk} (i.e., by varying ρˆ) and the fact that
Q ρˆ⋆ = ρˆ⋆ (Q is unital), we see that the matrix M (with positive entries) must be bistochastic.
By assuming now that the probability distributions {pk}, {p˜k} in (29) are arranged in decreasing
order, we get ~p (Q ρˆ) = M ~p (ρˆ).
Moreover, (P2) implies (P3). In fact, by a well known result on bistochastic matrices (see [21],
Theorem II.1.9), we have that
M bistochastic =⇒ ~p (Q ρˆ) = M ~p (ρˆ) ≺ ~p (ρˆ) (⇐⇒ Q ρˆ ≺ ρˆ) . (31)
Finally, (P3) implies (P1) becauseQ ρˆ⋆ ≺ ρˆ⋆ entails thatQ ρˆ⋆ = ρˆ⋆. The proof is complete.
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Lemma 2. A quantum dynamical map Q : B(H)→ B(H) does not decrease the entropy E if and
only if it is unital.
Proof. Assume that quantum dynamical map Q is unital, and take any ρˆ ∈ S(H). Let ~p (ρˆ) =
(p1, . . . , pN) be the ordered eigenvalue vector of ρˆ, and let ~p (ωˆ) = (p˜1, . . . , p˜N) be the analogous
vector for ωˆ ≡ Qρˆ. Then, since the quantum dynamical map Q is unital, by Lemma 1 there is a
bistochastic N× N matrix M such that p˜j =
∑
k Mjk pk.
Suppose first that E = Tq, for some q > 0. By Birkhoff-von Neumann theorem (see [21],
Theorem II.2.3), the matrix M can be expressed as a convex combination of permutation matrices
M =
∑
l
ml
lP , ml > 0 ,
∑
l
ml = 1; (32)
hence:
p˜j =
∑
l
ml
lpj ,
lpj :=
∑
k
lPj,k pk . (33)
Then, by the concavity property (14) of τq and by the fact that {pj} =
{
lpj
}
(regarded as un-
ordered sets), we find
Tq(ωˆ) = τq({p˜j}) ≥
∑
l
ml τq
({
lpj
})
=
∑
l
ml τq({pj}) = τq({pj}) = Tq(ρˆ) . (34)
The same proof can be repeated verbatim for E = Ap (replacing τq with αp), 1 < p ≤ ∞.
Suppose now that E = Rq, for some q > 0. Then, by Lemma 1 we have:
Q unital =⇒ ωˆ ≺ ρˆ . (35)
Therefore, by the Schur concavity of the Re´nyi entropies, we conclude that
Q unital =⇒ ωˆ ≺ ρˆ =⇒ Rq(ωˆ) ≥ Rq(ρˆ) . (36)
Conversely, suppose that Q does not decrease E . Since the strict global maximum for this
quantity is attained at ρˆ⋆ = N
−1 Iˆ (the maximally mixed state), it follows that Q Iˆ = Iˆ.
Remark 8. Observe that Q can be replaced — in Definition 1, and in both Lemma 1 and Lemma 2
— with any trace-preserving, positive linear map (i.e., positivity rather than complete positivity
is relevant therein).
Remark 9. The function ̺q associated with the Re´nyi entropy is concave for 0 < q ≤ 1 (see,
e.g., [26], chapter 2), but not, in general, for q > 1; more precisely, it looses concavity for q > q(N),
where the N-dependent number q(N) is such that 1 < q(N) ≤ 1+ ln(4)/ ln(N− 1). Hence, concavity
could not be invoked, for q > 1, in the part of the proof of Lemma 2 involving this kind of entropy.
As we have seen, one can exploit the Schur concavity of Rq, instead.
Remark 10. It is worth observing, in connection with the previous remark, that a concave function,
defined on a convex symmetric domain in Rn (e.g., on the probability simplex ∆n−1), is Schur
concave if and only if it is symmetric; see [22], chapter 3, C.2 (it is easy to check that the
proof of this result holds for every domain of the mentioned type). Hence, all the quantum
entropies {Tq}q>0, {Rq}q>0, {Ap}1<p≤∞ are actually Schur concave, in the sense specified in
sect. 2. E.g., recall that the quantities {Ap}1<p≤∞ are directly related to the Schatten norms,
which are, like every unitarily invariant norm, symmetric gauge functions of the singular values of
their (matrix) argument; then, regarded as (symmetric) functions of the singular values, they are
Schur convex [22]. Nevertheless, we think that distinguishing the two cases — the concave case
and the Schur concave one — in the proof of Lemma 2 is, although not necessary, interesting and
instructive.
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We will also need a further observation.
Lemma 3. A quantum dynamical semigroup {Qt}t∈R+,
Qt = exp(L t) , (37)
is unital — Qt Iˆ = Iˆ, t ≥ 0 — if and only if the generator L kills the identity: L Iˆ = 0.
Proof. Trivial.
We are now ready to state and prove the main result of this section.
Theorem 1. LetH be a finite-dimensional complex Hilbert space, and let {Qt : B(H)→ B(H)}t∈R+
be a quantum dynamical semigroup with generator L. Then, the following properties are equivalent:
1. {Qt}t∈R+ is unital: Qt Iˆ = Iˆ, t ≥ 0;
2. for every t ≥ 0 and every ρˆ ∈ S(H), Qt ρˆ ≺ ρˆ;
3. {Qt}t∈R+ does not decrease the entropy E ;
4. the infinitesimal generator L is of the form
L Aˆ = −i
[
Hˆ, Aˆ
]
+ F Aˆ−
1
2
((
F Iˆ)Aˆ+ Aˆ
(
F Iˆ
))
, (38)
for some completely positive map F such that
F Iˆ = F∗Iˆ . (39)
Proof. By Lemma 1 the first two properties are equivalent. By Proposition 1 and Lemma 2, the
quantum dynamical semigroup {Qt}t∈R+,
Qt = exp(L t) , (40)
does not decrease the entropy E if and only if it is unital. On the other hand, by Lemma 3
{Qt}t∈R+ is unital if and only if the generator L kills the identity. Moreover, the condition L Iˆ = 0
is equivalent to the fact that F Iˆ = F∗Iˆ , where F : B(H) → B(H) is the completely positive map
appearing in the canonical form (3) of the generator. The proof is complete.
Remark 11. Suppose that a quantum dynamical semigroup {Qt : B(H) → B(H)}t∈R+ (strictly)
decreases some of the previously considered entropies (for some t > 0 and some state). Then, by
Theorem 1 the same property holds for all other entropies, in particular for Ap. It follows that,
for every 1 < p ≤ ∞, there exist some t > 0 and some state ρˆ ∈ S(H) such that
‖Qt ρˆ‖p > ‖ρˆ‖p . (41)
(Clearly, the subset of S(H) satisfying (41) will always contain ρˆ⋆.) Therefore, for some t > 0,
‖Qt‖[p] := sup
06=Aˆ∈B(H)
(∥∥Qt Aˆ∥∥p/∥∥Aˆ∥∥p) > 1 . (42)
Namely, {Qt}t∈R+ is not contractive w.r.t. the norm ‖ · ‖[p], for every 1 < p ≤ ∞ (whereas every
quantum dynamical semigroup is contractive w.r.t. the norm ‖ · ‖[1], see Remark 2).
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Remark 12. Observe that Definition 2, Proposition 1 and Lemma 3 extend immediately to semi-
groups of trace-preserving positive (not necessarily completely positive) maps. As the reader may
check, by this observation and by Remark 8 the statement of Theorem 1 remains valid — with
the only exception of the specific form (38)–(39) of the generator L — if the quantum dynamical
semigroup {Qt}t∈R+ is replaced with a semigroup of operators whose members are assumed to be
trace-preserving, positive linear maps. Therefore, also the previous Remark 11 extends to this
larger class of dynamical semigroups.
Remark 13. The completely positive map F in (38) can be expressed in the Kraus-Stinespring-
Sudarshan form
F Aˆ =
m∑
k=1
KˆkAˆ Kˆ
∗
k , Aˆ ∈ B(H) , (43)
and the condition F Iˆ = F∗Iˆ is expressed in terms of the set of operators {Kˆ1 , . . . , Kˆm} by the
requirement that these be jointly normal, i.e.,
m∑
k=1
Kˆk Kˆ
∗
k =
m∑
k=1
Kˆ∗k Kˆk . (44)
However, decomposition (43) is not unique, and one can further require that they be traceless
(by a suitable redefinition of the Hamiltonian Hˆ) — namely, that they live in the orthogonal
complement (w.r.t. the Hilbert-Schmidt scalar product) of the one-dimensional subspace spanned
by the identity — and mutually orthogonal :〈
Kˆj , Kˆk
〉
HS := tr
(
Kˆ∗j Kˆk
)
= κj δjk , j, k = 1, . . . ,m (m ≤ N
2 − 1) , κj > 0 . (45)
Implementing these requirements one obtains the so-called diagonal form of the infinitesimal
generator L [1, 9].
We will now derive a few remarkable consequences of the main theorem.
Corollary 1. A quantum dynamical semigroup {Qt : B(H) → B(H)}t∈R+ does not decrease the
quantum entropy E if and only if the adjoint semigroup is a quantum dynamical semigroup too.
Corollary 2. A quantum dynamical semigroup {Qt : B(H) → B(H)}t∈R+ does not decrease the
quantum entropy E if and only if it does not increase the purity.
Proof. Recall that T2(ρˆ) = 1− tr(ρˆ
2).
Corollary 3. A quantum dynamical semigroup {Qt : B(H) → B(H)}t∈R+ does not decrease the
quantum entropy E if and only if its infinitesimal generator is of the form
L Aˆ = −i
[
Hˆ, Aˆ
]
+
N
2−1∑
k=1
γk
(
Fˆk Aˆ Fˆ
∗
k −
1
2
(
Fˆ ∗k Fˆk Aˆ+ Aˆ Fˆ
∗
k Fˆk
))
, (46)
where Hˆ is a trace-less selfadjoint operator, γ1 ≥ 0, . . . , γN2−1 ≥ 0, and Fˆ1 , . . . , FˆN2−1 are traceless
operators such that 〈
Fˆj , Fˆk
〉
HS = δjk , j, k = 1, . . . , N
2 − 1 , (47)
and
N
2−1∑
k=1
γk Fˆk Fˆ
∗
k =
N
2−1∑
k=1
γk Fˆ
∗
k Fˆk . (48)
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Proof. This result is a straightforward consequence of Theorem 1 and of the ‘diagonal form’ of
the infinitesimal generator L; see Remark 13.
Let us now consider some examples.
Example 1. Consider the quantum dynamical semigroup {Qt : B(H)→ B(H)}t∈R+, with
Qt Aˆ := e
−λt
∞∑
n=0
(λt)n
n!
Uˆ nAˆ Uˆ∗n, λ > 0 , Uˆ ∈ U(H) . (49)
Clearly, this is unital and the associated infinitesimal generator L is given by
L Aˆ = λ(Uˆ Aˆ Uˆ∗ − Aˆ) . (50)
Thus, L kills the identity. By Theorem 1, {Qt}t∈R+ does not decrease the entropy E .
Example 2. Consider the quantum dynamical semigroup in B(H) whose infinitesimal generator is
of the form
L Aˆ = −i
[
Hˆ, Aˆ
]
+
N
2−1∑
k=1
(
LˆkAˆ Lˆk −
1
2
(
Lˆ2k Aˆ+ Aˆ Lˆ
2
k
))
, (51)
where Hˆ and Lˆ1, . . . , LˆN2−1 are selfadjoint operators. Thus, once again L kills the identity, and
then the associated quantum dynamical semigroup does not decrease the entropy E .
Example 3. The two previous examples can be regarded as special cases of the following. Let
{µt}t∈R+ be a convolution semigroup of probability measures [27] on a locally compact (second
countable, Hausdorff topological) group G, and let V be a continuous unitary representation of
this group in H. Then, {Qt : B(H)→ B(H)}t∈R+, with
Qt Aˆ :=
∫
G
V(g)AˆV(g)∗ dµt(g) , (52)
turns out to be a quantum dynamical semigroup, a so-called twirling semigroup [9–11]. It can
be shown that, in order to achieve a generic twirling semigroup, one can always set G = SU(N)
and choose V as the defining representation (with the obvious identification of U(N) with U(H)),
where {µt}t∈R+ ranges over the whole set of convolution semigroups of probability measures on
SU(N); see [9]. It is clear that {Qt}t∈R+ is also unital; hence, it does not decrease the entropy E .
The generator of this quantum dynamical semigroup is of the form
L Aˆ = −i
[
Hˆ, Aˆ
]
+
N
2−1∑
k=1
γk
(
LˆkAˆ Lˆk −
1
2
(
Lˆ2k Aˆ+ Aˆ Lˆ
2
k
))
+ γ0
(
U − Id
)
Aˆ , Aˆ ∈ B(H) , (53)
where Hˆ is a trace-less selfadjoint operator, Lˆ1, . . . , LˆN2−1 are trace-less selfadjoint operators such
that 〈
Lˆj , Lˆk
〉
HS = δjk , j, k = 1, . . . , N
2 − 1 , (54)
γ0, . . . , γN2−1 are non-negative numbers and U is a random unitary map acting in B(H); namely,
it admits a decomposition of the form
U Aˆ =
N∑
j=1
pj Uˆj Aˆ Uˆ
∗
j , (55)
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where
{
Uˆj
}N
j=1
is a set of unitary operators in H and {pj}
N
j=1 ⊂ R
+
∗ is a probability distribution.
Note that the operators Uˆ1 , . . . , UˆN , Lˆ1, . . . , LˆN2−1 are normal (hence, jointly normal). Conversely,
every operator L of the form (53) is the infinitesimal generators of a twirling semigroup of the
form (52).
At this point, it is worth observing that the class of all twirling semigroups of the form (52)
turns out to coincide with the class of random unitary semigroups acting in B(H) [9,11], namely,
of those unital quantum dynamical semigroups whose members are random unitary maps. On the
other hand, it is known [28] that every unital quantum channel acting in B(H), for N = dim(H) = 2,
is actually a random unitary map (but for N > 2 this is no longer true). By these facts and by
Theorem 1, we see that, for N = 2, the class of twirling semigroups actually coincides with the
class of quantum dynamical semigroups that do not decrease the entropy E .
Example 4. Consider a qubit generator of the form
L Aˆ = γ1
(
σˆ− Aˆ σˆ+ −
1
2
(
σˆ+ σˆ− Aˆ+ Aˆ σˆ+ σˆ−
))
+ γ2
(
σˆ+ Aˆ σˆ− −
1
2
(
σˆ− σˆ+ Aˆ+ Aˆ σˆ− σˆ+
))
, (56)
where σˆ± =
1
2(σˆ1±iσˆ2) are the standard raising and lowering qubit operators. One easily finds that
L Iˆ = (γ1 − γ2) σˆ3; hence, for γ1 6= γ2, L Iˆ 6= 0 and the corresponding temporal evolution exp(L t)
may decrease the entropy of some state. Indeed, if the the entropy E (ρˆ(0)) of the initial state
ρˆ(0) is strictly larger than the entropy of the asymptotic state ρˆ∞ determined by the probability
vector (
p1 =
γ1
γ1 + γ2
, p2 =
γ2
γ1 + γ2
)
, (57)
then, for some t > 0, t 7→ E (ρˆ(t)) must be decreasing. If γ1 = γ2 = γ, then (56) reduces to
L Aˆ = γ
(
1
2
σˆ1 Aˆ σˆ1 +
1
2
σˆ2 Aˆ σˆ2 − Aˆ
)
, (58)
which generates a random unitary evolution, and ρˆ∞ is in this case the maximally mixed state.
Example 5. Let P : B(H) → B(H) be a completely positive, trace-preserving projection — i.e.,
P2 = P — and set P⊥ := Id−P. Consider the generator L,
L Aˆ := γP Aˆ−
γ
2
((
P∗Iˆ
)
Aˆ+ Aˆ
(
P∗Iˆ
))
= −γP⊥Aˆ , (59)
with γ > 0. We stress that P∗ is unital, because the completely positive map P is assumed to be
trace-preserving. One easily finds for the evolution
Qt = P+ e
−γtP⊥. (60)
The quantum dynamical semigroup {Qt}t∈R+ is unital if and only P
⊥ kills the identity; equiva-
lently, if and only if P itself is unital. Therefore, {Qt}t∈R+ does not decrease the entropy E if and
only if the completely positive, trace-preserving projection P is also unital.
Suppose, e.g., that P0 Aˆ =
∑
k Pˆk Aˆ Pˆk , where {Pˆk } are mutually orthogonal (selfadjoint)
projectors in the Hilbert space H such that
∑
k Pˆk = Iˆ . Then, P0 is a completely positive, trace-
preserving, unital projection. Note, in this regard, that there are projections in B(H) that are not
unital. Consider, e.g., the case where
P Aˆ = tr(Aˆ) ρˆ , (61)
ρˆ being a fixed density operator in S(H). This projection is unital only if ρˆ is maximally mixed.
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It is worth condensing the discussion concluding Example 3 as follows.
Corollary 4. For N = dim(H) = 2, a quantum dynamical semigroup {Qt : B(H) → B(H)}t∈R+
does not decrease the entropy E if and only if it is a twirling semigroup. In the integral expression
of such a semigroup of operators, one can always set G = SU(2) and choose V as the defining
representation.
4 Further results: relaxing the complete positivity
Interestingly, as previously observed — see Remark 12 — the statement of Theorem 1 turns out
to be partially valid if the quantum dynamical semigroup {Qt}t∈R+ is replaced with a semigroup
of operators {Dt}t∈R+ whose members are assumed to be trace-preserving, positive linear maps
(thus, the condition of complete positivity being ‘relaxed’). Precisely, in this more general context
we have the following result.
Theorem 2. Let {Dt : B(H) → B(H)}t∈R+ be a (continuous) semigroup of linear maps, with
infinitesimal generator L. Then, the following properties are equivalent:
1. {Dt}t∈R+ is positive, trace-preserving and unital;
2. {Dt}t∈R+ is positive, trace-preserving and, for every t ≥ 0 and every ρˆ ∈ S(H), Dt ρˆ ≺ ρˆ;
3. {Dt}t∈R+ is positive, trace-preserving and does not decrease the entropy E ;
4. for every set
{
ψˆj
}
of mutually orthogonal rank-one (selfadjoint) projectors in the Hilbert
space H, such that
∑
j ψˆj = Iˆ,
tr
(
ψˆj
(
L ψˆk
))
≥ 0 , for j 6= k , (62)
and
N∑
j=1
tr
(
ψˆj
(
L ψˆk
))
= 0 =
N∑
k=1
tr
(
ψˆj
(
L ψˆk
))
; (63)
5. for every pair of mutually orthogonal (selfadjoint) projectors Pˆ , Qˆ ∈ B(H),〈
Pˆ ,L Qˆ
〉
HS ≥ 0 and
〈
Iˆ ,L Pˆ
〉
HS = 0 =
〈
Pˆ ,L Iˆ
〉
HS . (64)
Proof. For proving the equivalence of the first three properties above one proceeds as in the proof
of Theorem 1. Inequality (62) and the first of equalities (63) are known (see [7], Theorem 2.1)
to form a necessary and sufficient condition for L to be the generator of a semigroup of trace-
preserving, positive linear maps (precisely, condition (62) is equivalent to positivity, whereas the
other condition amounts to preservation of the trace). Moreover, by the arbitrariness of the set{
ψˆj
}
, the second of equalities (63) is equivalent to L Iˆ =
∑
k
(
L ψˆk
)
= 0 (note that, by a standard
polarization argument, the fact that 〈ψ, Aˆψ〉 = 0, for every ψ ∈ H, ‖ψ‖ = 1, implies that Aˆ = 0).
Hence, by these observations and by Lemma 3 (which obviously holds for semigroups of positive
maps as well) the fourth property is equivalent to the previous three. Finally, the equivalence
between conditions (62)–(63) and (64) is easily seen.
From the fourth of the equivalent properties listed in Theorem 1 and the fifth in Theorem 2
one immediately derives the following fact.
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Corollary 5. The generators of the semigroups of trace-preserving, positive linear maps acting
in B(H) that are also unital — equivalently, that do not decrease the entropy E — form a convex
cone ptu(H) in the space of linear maps in B(H), which contains another convex cone cptu(H)
formed by the generators of semigroups of unital, trace-preserving, completely positive linear maps.
A connection with Example 3 and with the related Corollary 4 is established by the following
fact.
Proposition 2. Let {Dt : B(H)→ B(H)}t∈R+ be a family of linear maps. {Dt}t∈R+ is a semigroup
of positive, trace-preserving and unital maps if and only if
Dt Aˆ =
∫
G
V(g)AˆV(g)∗ dςt(g) , (65)
where (V, {ςt}t∈R+) is a pair formed by a continuous unitary representation V : G → U(H) of a
locally compact group G and by a family {ςt}t∈R+ of finite, signed Borel measures on G satisfying
the following conditions:
(M1) ς0 = δ (Dirac measure at the identity of G) and ςt(G) = 1, for every t ∈ R
+
∗;
(M2) for some (hence, for every) orthonormal basis Ψ ≡ {ψk}
N
k=1 in H,
lim
t↓0
∫
G
vjklm(Ψ; g) dςt(g) = δjk δlm (66)
and ∫
G
vjklm(Ψ; g) d(ςs⊚ ςt)(g) =
∫
G
vjklm(Ψ; g) dςs+t(g) , ∀s, t ∈ R
+
∗ , (67)
where vjklm(Ψ; g) := 〈ψj ,V(g)ψk〉〈V(g)ψl, ψm〉 and ςs⊚ ςt is the convolution of ςs with ςt;
(M3) for every orthonormal basis Ψ ≡ {ψk}
N
k=1 in H,
lim
t↓0
t−1
∫
G
vjkkj(Ψ; g) dςt(g) ≥ 0 , j 6= k . (68)
In particular, one can always set G = SU(N) and choose V as the defining representation.
Moreover, a semigroup of trace-preserving positive maps {Dt : B(H) → B(H)}t∈R+ does not
decrease the entropy E if and only if it is of the form (65), for some locally compact group G,
some continuous unitary representation V of G in H and some family {ςt}t∈R+ of finite, signed
Borel measures on G.
Proof. If a family of linear maps {Dt : B(H)→ B(H)}t∈R+ is of the form (65) — for some locally
compact group G, some continuous unitary representation V of G in H and some family {ςt}t∈R+
of finite, signed Borel measures on G such that ςt(G) = 1 — then these maps are trace-preserving
and unital. If, moreover, ς0 = δ, where δ is the Dirac measure at the identity of G, and both
the conditions (66) and (67) in (M2) are satisfied, it is easy to see that {Dt}t∈R+ is a continuous
semigroup of operators (observe that the partial isometries |ψj〉〈ψk|, j, k ∈ {1, . . . , N}, form a basis
in B(H)). If in addition the family of measures {ςt}t∈R+ satisfies condition (68), we have that, for
every orthonormal basis {ψk}
N
k=1 in H, and for j 6= k,
tr
(
ψˆj
(
L ψˆk
))
= lim
t↓0
t−1 tr
(
ψˆj
(
(Dt − Id)ψˆk
))
= lim
t↓0
t−1
∫
G
|〈ψj ,V(g)ψk〉|
2 dςt(g) ≥ 0 , (69)
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where L is the infinitesimal generator of the semigroup of operators and ψˆk = |ψk〉〈ψk|. Thus,
recalling that (62) is the condition expressing the positivity of the semigroup of linear maps (see
the proof of Theorem 2), we conclude that {Dt}t∈R+ is a semigroup of unital, trace-preserving
positive linear maps.
Conversely, let {Dt : B(H)→ B(H)}t∈R+ be a semigroup of this kind. Then, for every t ∈ R
+,
since the linear map Dt is positive, trace-preserving and unital, it admits a decomposition of the
form (see [29], Theorem 1):
Dt Aˆ =
∑
m
wm(t) Uˆm(t)Aˆ Uˆm(t)
∗, {wm(t)} ⊂ R,
∑
m
wm(t) = 1 , (70)
where
{
Uˆm(t)
}
is a (finite) set of unitary operators in H. Hence, for G = SU(N), choosing V
as the defining representation and for a suitable finite, signed Borel measure ςt on G (a linear
combination of Dirac measures), Dt is of the form (65). Note that ςt(G) =
∑
m wm(t) = 1 and,
arguing essentially as in the first part of the proof, one concludes that by the fact that {Dt}t∈R+
is a continuous semigroup of positive maps conditions (66), (67) and (68) must be satisfied too.
At this point, taking into account the equivalence between the first and the third of the
properties listed in Theorem 2, the last assertion of the statement is also clear.
It is worth observing that, as it should be clear from the previous proof, the family of operators
{Dt}t∈R+ defined by (65) is a semigroup of operators if and only if the conditions ς0 = δ and (M2)
are satisfied; moreover, if these conditions are verified then the limit in (M3) exists. Also note
that (M1), (M2) and (M3) are satisfied by every convolution semigroup of probability measures
{µt ≡ ςt}t∈R+.
As the reader will easily check, conditions (64) are satisfied, in particular, if the generator
L is of the form (38)–(39), where now the linear map F is only assumed to be positive (rather
than completely positive). Not much is known about the general structure of positive maps, but
a remarkable case is that of decomposable ones, i.e., of those positive linear maps of the form
B(H) ∋ Aˆ 7→
(
F1 Aˆ+ F2
(
Jˆ Aˆ∗Jˆ
))
, (71)
where F1, F2 are completely positive maps and Jˆ is a complex conjugation in H (a selfadjoint
antiunitary operator); otherwise stated, the linear map Aˆ 7→ T
(
Aˆ
)
:= Jˆ Aˆ∗Jˆ is a transposition.
For N = dim(H) = 2, the expression (71) actually gives the general form of a positive map [30],
as the sum of a completely positive map and a completely co-positive map. Clearly, in this case
the condition F Iˆ = F∗Iˆ amounts to imposing that
F1 Iˆ + F2 Iˆ = F
∗
1 Iˆ + Jˆ
(
F∗2 Iˆ
)
Jˆ . (72)
Thus, by Theorem 2 a generator L, associated with a positive map F satisfying the condition
F Iˆ = F∗Iˆ, gives rise to a semigroup of unital, trace-preserving, positive linear maps. But it can
be shown with examples that the reverse implication does not hold; not even in the simplest case
where dim(H) = 2 — see Example 6 infra — and hence the positive maps in B(H) coincide with
the decomposable ones.
To exhibit the general form — in the qubit case — of the generator of a semigroup of trace-
preserving positive maps, it will be convenient to adopt a Bloch ball approach. Let us then choose
the following basis in B(H) (orthogonal w.r.t. the Hilbert-Schmidt product):
Sˆ0 ≡
1
2
σˆ0 =
1
2
Iˆ , Sˆ ≡
(
Sˆ1 ≡
1
2
σˆ1 , Sˆ2 ≡
1
2
σˆ2 , Sˆ3 ≡
1
2
σˆ3
)
, (73)
where σˆ0, . . . , σˆ3 (in matrix form, w.r.t. some orthonormal basis in H) are the standard Pauli
matrices.
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Remark 14. Of course, Sˆ1, Sˆ2, Sˆ3 can be defined as ‘abstract’ selfadjoint operators satisfying the
condition
Sˆj Sˆk =
1
4
δjk Iˆ +
i
2
3∑
l=1
ǫjkl Sˆl , j, k ∈ {1, 2, 3} . (74)
For every pair of operators Aˆ = a0 Sˆ0 + a · Sˆ (a · Sˆ ≡ a1 Sˆ1 + a2 Sˆ2 + a3 Sˆ3), Bˆ = b0 Sˆ0 + b · Sˆ
in H, we have: 〈
Aˆ, Bˆ
〉
HS =
(
a0 b0 + 〈a, b〉C3
)
/2 . (75)
The operator Aˆ is positive if and only if a0 = tr
(
Aˆ
)
≥ 0, a1, a2, a3 ∈ R and
a0 ≥ ‖a‖ =
√
〈a,a〉C3 ; (76)
in particular, for a density operator ρˆ,
ρˆ = Sˆ0 + r · Sˆ, r1, r2 , r3 ∈ R , ‖r‖ ≤ 1 , (77)
where the state ρˆ is pure if and only if the point r lies on the surface of the Bloch ball (i.e., on the
Bloch sphere ‖r‖ = 1). Accordingly, we will also consider the associated matrix representation of
a semigroup of operators {Dt : B(H)→ B(H)}t∈R+ and of its generator L:
D(t)jk := tr
(
Sˆj
(
Dt Sˆk
))
, Ljk := tr
(
Sˆj
(
L Sˆk
))
, j, k ∈ {0, . . . , 3} . (78)
Proposition 3. The general form of a (continuous) semigroup of unital, trace-preserving, pos-
itive linear maps {Dt : B(H) → B(H)}t∈R+ — for N = dim(H) = 2 — is given, in the matrix
representation (78), by
D(t) = exp(L t) =
(
1 0
0 eΛt
)
, L =
(
0 0
0 Λ
)
, (79)
where Λ is a 3× 3 real matrix such that Λ + ΛT ≤ 0. Therefore, a semigroup of trace-preserving,
positive linear maps does not decrease the entropy E if and only if its matrix representation is of
the given form.
Proof. Since {Dt}t∈R+ is positive (hence, adjoint-preserving), trace-preserving and unital, its ma-
trix representation w.r.t. the orthogonal basis (Sˆ0, . . . , Sˆ3) in B(H) is of the form (79), so that
exp(L t) Aˆ = a0 Sˆ0 +
(
eΛta
)
· Sˆ , (80)
where Λ is a real matrix. We know, moreover, that {Dt}t∈R+ does not decrease the entropy Ap;
in particular, for p = 2. Therefore, for every t > 0 and ρˆ ∈ S(H), we have that ‖Dt ρˆ‖HS ≤ ‖ρˆ‖HS
and hence, taking into account (75),
1 +
〈
eΛtr, eΛtr
〉
R3 = 2 〈Dt ρˆ,Dt ρˆ〉HS ≤ 2 〈ρˆ, ρˆ〉HS = 1 + 〈r, r〉R3 , (81)
where r is the vector in R3 associated with ρˆ, see (77). It follows that for every r in the Bloch
ball — thus, by linearity, for every r ∈ R3 —
〈
r,
(
Λ + ΛT
)
r
〉
R3 =
d
dt
〈
eΛtr, eΛtr
〉
R3
∣∣∣
t=0
≤ 0 . (82)
Since the real matrix Λ + ΛT is symmetric, relation (82) means that Λ + ΛT ≤ 0.
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Conversely, if the matrix representation of the semigroup of operators {Dt}t∈R+ in B(H) is
of the form (79) — where Λ is a real matrix satisfying the condition Λ + ΛT ≤ 0 — then the
semigroup is unital, trace-preserving and, for every r ∈ R3 and t ≥ 0,
0 ≥
〈
eΛtr,
(
Λ+ ΛT
)
eΛtr
〉
R3 =
d
dt
〈
eΛtr, eΛtr
〉
R3 . (83)
Thus, the function R+ ∋ t 7→
〈
eΛtr, eΛtr
〉
R3 is not increasing and, by condition (76), {Dt}t∈R+ is
also positive.
Example 6. Consider the case of a qubit generator L is of the form
L Aˆ =
3∑
k=1
(γk − γ)
〈
Sˆk, Aˆ
〉
HS Sˆk , γ1, γ2, γ3 ∈ R , γ ≡ γ1 + γ2 + γ3 . (84)
Note that L is adjoint-preserving, and L = L∗; i.e.,
〈
L Aˆ, Bˆ
〉
HS =
〈
Aˆ,L Bˆ
〉
HS. It is also clear that
L Iˆ = 0 = L∗Iˆ, and hence L generates a unital, trace-preserving and adjoint-preserving dynamics.
Moreover, the associated real matrix L — see (78)–(79) — is characterized by the 3×3 symmetric
sub-matrix Λ of the form
Λ = −
1
2
diag
(
γ2 + γ3, γ1 + γ3, γ1 + γ2
)
. (85)
Imposing the constraints
γ1 + γ2 ≥ 0 , γ1 + γ3 ≥ 0 , γ2 + γ3 ≥ 0 , (86)
amounts to assuming that Λ is a negative semidefinite matrix. Therefore, according to Corollary 3,
L is the generator of a semigroup of unital, trace-preserving, positive linear maps if and only if the
inequalities (86) hold. On can easily check that this generator can be expressed in the canonical
form
L Aˆ = F Aˆ−
1
2
((
F Iˆ)Aˆ+ Aˆ
(
F Iˆ
))
, with F Iˆ = F∗Iˆ , (87)
where, however, in general the linear map F is neither completely positive nor positive. Indeed,
it turns out that
F Aˆ =
3∑
k=1
γk Sˆk Aˆ Sˆk =
1
4
γ tr
(
Aˆ
)
Sˆ0 +
1
2
3∑
k=1
(2γk − γ)
〈
Sˆk, Aˆ
〉
HS Sˆk . (88)
Then, F is completely positive if and only if γ1, γ2, γ3 ≥ 0. Moreover, given the pair of mutually
orthogonal rank-one projectors Sˆ0 + Sˆ3 and Sˆ0 − Sˆ3, we find that
F (Sˆ0 + Sˆ3) =
1
4
γ3
(
Sˆ0 + Sˆ3
)
+
1
4
(γ1 + γ2)
(
Sˆ0 − Sˆ3
)
. (89)
Therefore, it is clear that, in general, the map F is not even positive (e.g., for γ1 ≥ γ2 > 0 and
−γ2 ≤ γ3 < 0).
The preceding example illustrates a simple subclass of the whole class of qubit generators of
semigroups of trace-preserving positive maps that do not decrease the entropy E .
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Proposition 4. For dim(H) = 2, the general form of the generator of a semigroup of unital,
trace-preserving, positive linear maps — i.e., of a semigroup of trace-preserving, positive linear
maps that does not decrease E — is given by
L Aˆ = −i
3∑
j=1
hj
[
Sˆj , Aˆ
]
+
3∑
j,k=1
κjk
(
Sˆj Aˆ Sˆk −
1
2
(
Sˆj Sˆk Aˆ+ Aˆ Sˆj Sˆk
))
, (90)
where h1, h2, h3 ∈ R, the 3× 3 matrix K := (κjk) is such that κjk = κkj ∈ R and — setting
κ1 ≡ κ22 + κ33 , κ2 ≡ κ11 + κ33 , κ3 ≡ κ11 + κ22 , a ≡ −κ23 , b ≡ −κ13 , c ≡ −κ12 (91)
— the associated symmetric real matrix
P :=

κ1 c bc κ2 a
b a κ3

 (92)
is positive semidefinite. Thus, such a generator L is selfadjoint — L = L∗ — if and only if
h1 = h2 = h3 = 0.
The semigroup of linear maps associated with L is, in particular, completely positive if and
only if the symmetric real matrix K is positive semidefinite.
Proof. Exploiting a classical result (see [7], Lemma 2.3), one can easily check that, for dim(H) = 2,
the generator of a semigroup of trace-preserving and adjoint-preserving linear maps is of the form
L Aˆ = −i
3∑
j=1
hj
[
Sˆj , Aˆ
]
+
3∑
j,k=1
κjk
(
Sˆj Aˆ Sˆk −
1
2
(
Sˆk Sˆj Aˆ+ Aˆ Sˆk Sˆj
))
, (93)
where h1, h2, h3 ∈ R and κjk ∈ C, with κjk = κkj , j, k ∈ {1, 2, 3} (note that the generator of a
semigroup of positive linear maps must be adjoint-preserving). Moreover, the semigroup is unital
if and only if L Iˆ = 0; i.e., specifically if and only if κjk = κkj . Therefore, for dim(H) = 2, the
general form of the generator of a semigroup of unital, trace-preserving and adjoint preserving
linear maps is given by (90), with h1, h2, h3 ∈ R and κjk = κkj ∈ R (note that, since the matrix
(κjk) is symmetric, the expressions (90) and (93) are equivalent). According to Proposition 3,
the semigroup is also positive if and only if the real matrix Λ (see (78) and (79)), which by direct
computation is given by
Λ =

−(κ22 + κ33)/2 κ12/2− h3 κ13/2 + h2κ12/2 + h3 −(κ11 + κ33)/2 κ23/2− h1
κ13/2− h2 κ23/2 + h1 −(κ11 + κ22)/2

 , (94)
is such that −(Λ+ΛT) ≥ 0, where −(Λ+ΛT) is precisely the matrix (92). Finally, the linear map
Aˆ 7→
∑3
j,k=1κjk Sˆj Aˆ Sˆk — equivalently, the semigroup of operators itself — is completely positive
if and only if the symmetric real matrix (κjk) is positive semidefinite.
Remark 15. By a well known classical result, a symmetric square matrix is positive semidefinite if
and only if all its principal minors are non-negative. Therefore, the matrix (92) — i.e., the matrix
P = −(Λ + ΛT) — is positive semidefinite if and only if
κ1, κ2, κ3 ≥ 0 , κ1κ2 ≥ c
2, κ1κ3 ≥ b
2, κ2κ3 ≥ a
2, κ1κ2κ3 + 2abc ≥ κ1a
2 + κ2 b
2 + κ3c
2 . (95)
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This set of inequalities is equivalent to the following:
κ1+κ2+κ3 ≥ 0 , κ1κ2+κ1κ3+κ2κ3 ≥ a
2+ b2+ c2, κ1κ2κ3+2abc ≥ κ1a
2+κ2 b
2+κ3c
2 . (96)
Of course, an analogous set of inequalities is necessary and sufficient for the symmetric real matrix
K := (κjk) to be positive semidefinite.
Remark 16. Note that the convex cone ptu(H), dim(H) = 2, which is parametrized by the pair
{h,P} — with h = (h1, h2, h3) ∈ R
3, P positive semidefinite — is not ‘pointed’ because
ptu(H) ∩ (−ptu(H)) =
{
i
∑3
j=1hj
[
Sˆj, (·)
]
: h ∈ R3
}
; (97)
i.e., ptu(H) is a ‘wedge’. Moreover, by inspecting the expression (94), it is clear that the matrix Λ
in (79) is symmetric if and only if the Hamiltonian component of the generator is zero (⇔ L = L∗).
Clearly, the selfadjoint generators in ptu(H) form a pointed convex cone.
Remark 17. Exploiting the fact that a symmetric real matrix can be diagonalized by a similarity
transformation with a matrix of SO(3) and the covering homomorphism of SU(2) onto SO(3),
one easily realizes that the general form, for dim(H) = 2, of the generator of a semigroup of
unital, trace-preserving, positive linear maps is given by (90) where h1, h2, h3 ∈ R and K :=
(κjk) = diag(γ1, γ2, γ3), with γ1, γ2, γ3 ∈ R satisfying (86), and now the triple Sˆ1, Sˆ2, Sˆ3 is not
fixed, but consists of arbitrary selfadjoint operators verifying condition (74). Therefore, in this
sense Example 6 (with condition (86)) turns out to describe the general form of a selfadjoint qubit
generator of a semigroup of trace-preserving positive maps that does not decrease the entropy E .
A further characterization, in dimension two, of the semigroups of trace-preserving positive
maps that do not decrease the entropy E is the following.
Proposition 5. Let {Dt : B(H) → B(H)}t∈R+ be a semigroup of linear maps, with dim(H) = 2,
and fix some k ∈ {1, 2, 3} and some complex conjugation Jˆ in H. Then, the following facts are
equivalent:
1. {Dt}t∈R+ is positive, trace-preserving and unital;
2. for some pair (V, {ςt}t∈R+) — consisting of a Borel map V : X → U(H), where X is locally
compact space, and of a family {ςt}t∈R+ of finite, signed Borel measures on X , with ‖ςt‖ =
|ςt|(X ) = 1, where |ςt| is the total variation of ςt — the following expression holds:
Dt Aˆ = tr
(
Aˆ
)
Sˆ0 + 2
〈
Sˆk, Aˆ
〉
HS
∫
X
V(x)Sˆk V(x)
∗ dςt(x)
+
∑
k 6=l∈{1,2,3}
2
〈
Sˆl, Aˆ
〉
HS
∫
X
V(x)Sˆl V(x)
∗ d|ςt|(x) ; (98)
3. for some triple (V, {µt}t∈R+, {νt}t∈R+) — consisting of a Borel map V : X → U(H), where
X is locally compact space, and of two families {µt}t∈R+, {νt}t∈R+ of finite, positive Borel
measures on X , with (µt + νt)(X ) = 1 — the following expression holds:
Dt Aˆ =
∫
X
V(x)AˆV(x)∗ dµt(x) +
∫
X
V(x)
(
Jˆ Aˆ∗Jˆ
)
V(x)∗ dνt(x) . (99)
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In particular, one can always set X = G ≡ SU(2) and choose V : G→ U(H) as the defining repre-
sentation. Moreover, the semigroup of operators {Dt}t∈R+ is completely positive (trace-preserving
and unital) if and only if the finite measures {ςt}t∈R+ or {µt}t∈R+ in (98) or (99), respectively,
can be assumed to be probability measures, and in this case {Dt}t∈R+ is a twirling semigroup.
Thus, a semigroup of trace-preserving positive maps {Dt : B(H)→ B(H)}t∈R+, for dim(H) = 2,
does not decrease the entropy E if and only if it is of one of the equivalent forms (98) or (99).
Proof. According to a classical result [28], every unital, trace-preserving positive map in B(H),
for N = dim(H) = 2, is of the form
V : B(H) ∋ Aˆ 7→
N∑
j=1
pj Uˆj
(
Tε(j)Aˆ
)
Uˆ∗j , (100)
where {pj}
N
j=1 ⊂ R
+
∗ is a probability distribution,
{
Uˆj
}N
j=1
is a set of unitary operators in H, T
is a (fixed) transposition in B(H) and ε : {1, . . . ,N } → {0, 1} is a map determining its exponent
(T0 ≡ Id). The map V is completely positive if and only if one can set ε ≡ 0; i.e., if and only if
it is random unitary. Let us fix the transposition T in such a way that, for some k ∈ {1, 2, 3},
T Sˆk = −Sˆk , T Sˆl = Sˆl , k 6= l ∈ {0, 1, 2, 3} . (101)
Thus, we have that
V
(
Sˆk
)
=
N∑
j=1
(−1)ε(j)pj Uˆj Sˆk Uˆ
∗
j , V
(
Sˆl
)
=
N∑
j=1
pj Uˆj Sˆl Uˆ
∗
j , l 6= k . (102)
Hence, for a suitable (real) linear combination ς of Dirac measures on the group G = SU(2) —
with ‖ςt‖ = |ςt|(G) = 1 — we have that
V
(
Sˆk
)
=
∫
G
V(g)Sˆk V(g)
∗ dς(g) , V
(
Sˆl
)
=
∫
G
V(g)Sˆl V(g)
∗ d|ς|(g) , l 6= k , (103)
where V : G→ U(H) is the defining representation.
Suppose now that, given a linear map V : B(H)→ B(H), relations (103) hold with the group
G replaced by some locally compact space X , and for some Borel map V : X → U(H) and some
finite, signed Borel measure ς on X , such that ‖ς‖ = |ς|(X ) = 1. Let ς = ς+ − ς−, with ς+ ⊥ ς−
(i.e., the positive measures ς+ and ς− are mutually singular), be the Jordan decomposition of the
signed measure ς, so that |ς| = ς+ + ς−. We then have:
V
(
Sˆj
)
=
∫
X
V(x)Sˆj V(x)
∗ dς+(x) +
∫
X
V(x)
(
T Sˆj
)
V(x)∗ dς
−
(x) , (104)
where T is a transposition such that relations (101) hold. Since Sˆ0, . . . , Sˆ3 is a basis in B(H),
setting µ ≡ ς+, ν ≡ ς− (hence, µ(X ) + ν(X ) = 1), we find:
V Aˆ =
∫
X
V(x)AˆV(x)∗ dµ(x) +
∫
X
V(x)
(
Jˆ Aˆ∗Jˆ
)
V(x)∗ dν(x) , Aˆ ∈ B(H) , (105)
where Jˆ is a complex conjugation such that T Aˆ = Jˆ Aˆ∗Jˆ . Observe that every other complex
conjugation in H is of the form Uˆ Jˆ = Jˆ Uˆ∗, for some suitable Uˆ ∈ U(H). Hence, using the
fact that µ ⊥ ν, one can easily check that (105) holds with Jˆ replaced by any other complex
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conjugation, for a suitable redefinition of the map V on a µ-negligible Borel subset E of X .
Therefore, one gets a decomposition of V of the form (105) for every fixed complex conjugation
Jˆ . A similar observation holds true in the case where X = G = SU(2) and V : G → U(H) is
the defining representation; but, in this case, one can leave the representation V unchanged and
replace the measure ν by a suitable right translate of this measure.
Assume, next, that V is a linear map in B(H) such that a decomposition of the form (105)
holds, where now µ, ν is a generic pair of finite positive Borel measures on X such that µ(X ) +
ν(X ) = 1. Then, the map V is positive, trace-preserving and unital. Moreover, by a well known
result in the theory of integration of vector-valued functions, if µ 6= 0 the first integral on the rhs
of (105) belongs, up to a positive factor, to the closed convex hull of the range of the integrand:
µ(X )−1
∫
X
V(x)AˆV(x)∗ dµ(x) ∈ co
{
Uˆ Aˆ Uˆ∗ : Uˆ ∈ V(X ) ⊂ U(H)
}
. (106)
It follows that µ(X )−1
∫
X V(x)(·)V(x)
∗ dµ(x) is a random unitary map — hence, completely
positive — and conversely, since dim(H) = 2, every unital, trace-preserving, completely positive
map in B(H) is random unitary [28]; hence, of the form indicated in (106), for some suitable pair
(V, µ), where µ is a finite positive measure. Similarly, if ν 6= 0 the second integral on the rhs
of (105), up to a positive factor (i.e., ν(X )−1), amounts to applying the composition of a random
unitary map with a transposition. Thus, by decomposition (105) we see that V is a convex
combination (with weights µ(X ) and ν(X )) of two unital trace-preserving maps: the first one
completely positive, the second one completely co-positive. Hence, it is a unital, trace-preserving
positive map. In particular, V is completely positive if and only if one can set ν = 0 in (105),
which amounts to assuming that µ (i.e., ς if (105) is derived from (104)) is a probability measure.
By the previous arguments, one can easily check that the first property of the semigroup of
linear maps {Dt}t∈R+, listed in the statement to be proved, implies the second, which implies the
third. Then, the third property implies the first one, and all other assertions are proven too.
5 Final remarks and conclusions
In this paper, we have considered the problem of characterizing a (finite-dimensional) quantum
evolution, governed by a quantum dynamical semigroup, that does not decrease a quantum entropy
E , for every initial state. The results that we have obtained hold for the von Neumann, the
Tsallis and the Re´nyi entropies (the latter two, for any value of the parameter q > 0), and for
a family of functions of density operators which are directly related to the Schatten norms. All
these quantities are not decreased, for every initial state, if and only if the quantum dynamical
semigroup is unital (Theorem 1); i.e., if and only if the maximally mixed state ρˆ⋆ is a stationary
state (thus the result does not depend on the choice of a particular type of entropy). In terms of
the infinitesimal generator L, this is equivalent to the condition that the operators appearing in the
Kraus-Stinespring-Sudarshan decomposition (43) of the completely positive map that characterizes
L — see (3) — be jointly normal; i.e., satisfy relation (44). Banks, Susskind and Peskin [6]
found the selfadjointness of these operators to be a sufficient condition. We now know that
this condition amounts to selecting a special subclass (Example 2) out of the class of twirling
semigroups (Example 3), which is itself contained in the whole class of unital quantum dynamical
semigroups, and actually saturates it for N = dim(H) = 2 (Corollary 4).
An interesting consequence of Theorem 1 is the fact that a quantum dynamical semigroup
enjoys the property of not decreasing any of the mentioned entropies if and only if the adjoint
semigroup — w.r.t. the Hilbert-Schmidt scalar product — is a quantum dynamical semigroup itself
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(Corollary 1). This property turns out to be also equivalent to the property of not increasing the
purity (Corollary 2).
Taking into account both Remark 6 and Remark 10, it is worth noting that the proof of the
main result actually relies on the following properties of the quantum entropies we have considered:
(E1) the entropy E : S(H)→ R attains its (strict global) maximum value at ρˆ⋆;
(E2) E is Schur concave w.r.t. the natural majorization relation in S(H), namely,
ωˆ ≺ ρˆ
def
⇐⇒ ~p (ωˆ) ≺ ~p (ρˆ) =⇒ E (ωˆ) ≥ E (ρˆ) . (107)
It is clear, therefore, that the same results we have found will also hold for any analogous
quantity verifying the given ‘axioms’. E.g., if h is a real function on Rn, strictly decreasing
(alternatively, strictly increasing) w.r.t. each of its arguments, and g1, . . . , gn are strictly convex
(respectively, strictly concave) continuous real functions on the interval [0, 1], then
S(H) ∋ ρˆ 7→ h(tr(g1(ρˆ)), . . . , tr(gn(ρˆ))) =: E (ρˆ) (108)
satisfies the aforementioned axioms. Indeed — arguing as in [22], chapter 3, C.1 — one shows that
the map S(H) ∋ ρˆ 7→ tr(gj(ρˆ)) =
∑
k gj(~pk(ρˆ)), j = 1, . . . , n, is strictly Schur convex (respectively,
strictly Schur concave); so that, by the previous assumptions on h, the function (108) is strictly
Schur concave. Hence, it verifies both axioms (E1) and (E2). Note that the set of Schur concave
functions of the general type (108) contains all the generalized entropies considered, e.g., in [31] (in
the context of the study of entropy-like uncertainty relations) and, in particular, all the entropies
considered in this paper, with the exception of A∞ (which is, however, a point-wise limit of a
family of functions of this kind, see (20)). For instance, in the case of the von Neumann entropy,
we have: n = 1, g : [0, 1] ∋ ξ 7→ −ξ ln ξ (concave) and h(x) = x (increasing); while, for the Tsallis
entropy Tq, q 6= 1, g : [0, 1] ∋ ξ 7→ ξ
q (concave for q < 1, convex for q > 1) and h(x) = (x−1)/(1−q)
(increasing for q < 1, decreasing for q > 1).
In sect. 4, we have investigated generalizations of the results obtained in sect. 3 by considering
the case of positive, but not necessarily completely positive, dynamical semigroups. In this set-
ting, Theorem 2 can be regarded as a generalization of Theorem 1, and Proposition 2 provides a
characterization of the positive dynamical semigroups that do not decrease a quantum entropy by
means of an integral expression which can be regarded as a generalization of the formula defining a
twirling semigroup. It seems therefore quite natural to call such a semigroup of operators a gener-
alized twirling semigroup. According to Corollary 5, the infinitesimal generators of the generalized
twirling semigroups acting in B(H) form a convex cone ptu(H). In the case where dim(H) = 2, the
cone ptu(H) can be described in detail; see Proposition 3, Example 6, Proposition 4, Remark 16
and Remark 17. Finally, Proposition 3 provides further integral expressions, for dim(H) = 2, of
the semigroups of trace-preserving positive maps.
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